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The fascinating idea of shepherding asteroids for science and resource utilisation is being considered as a very 
credible concept in a not too distant future. Past studies have identified asteroids which could be injected into 
manifolds which wind onto periodic orbits around collinear Lagrangian points of the Sun-Earth system, by means of 
a low-cost manoeuvre. However, the periodic orbits as well as the manifolds are highly unstable, and small errors in 
the capture manoeuvre would bring to complete mission failure, with potential danger of collision with the Earth 
itself. The main source of injection error in position and velocity is the epistemic uncertainty of the asteroid mass, 
which cannot be measured directly. For this reason, asteroid orbit control will be a strict requirement for such 
mission. This paper investigates the controllability of some asteroids during the transfer and along the period orbits, 
assuming the use of a solar-electric low-thrust engine. The control scheme is based on a linear quadratic regulator. A 
stochastic simulation with a Monte Carlo approach is used to simulate a range of different perturbed initial 
conditions. Results show that only a small subset of the considered combinations of trajectories/asteroids are reliably 
controllable, and therefore controllability must be taken into account in the selection of potential targets. 
 
 
I. INTRODUCTION 
Recent studies have suggested that near-Earth 
asteroids (NEAs) could be harvested and exploited for 
resources1. It is in fact well known that some NEAs are 
potentially full of strategic resources for in-space 
utilization (e.g., future in-orbit construction of space 
components) or even precious metals that may find 
interest in terrestrial commodity markets2. Harvesting 
asteroids will without doubt be costly; however more 
and more space companies have shown interest in this 
idea, as the benefit might overcome the cost in a 
relatively near-term. 
A scenario that seems, arguably, as directly 
borrowed from the sci-fi, that of a rendezvous with an 
asteroid, to lasso it and haul it back to Earth 
neighbourhood, was recently announced as a mission 
concept under serious consideration by NASA*. 
However, evidences on the interest of the concept can 
also be found in the preceding growth of scientific 
output on the concept3-7. 
A scenario which was investigated in the last few 
years consists of modifying the NEA’s orbit such as to 
capture it into a libration orbit of the Sun-Earth system8 
– Halo, planar or vertical Lyapunov. The asteroid’s 
motion may then remain indefinitely on a periodic orbit 
near a libration point, which is relatively accessible 
                                                          
* 
http://www.nasa.gov/sites/default/files/files/AsteroidRedirectMission_
FS_508_2.pdf [retrieved 4 Sep 2013] 
from Earth, or alternatively transferred to other regions 
of the cislunar space (e.g., Moon orbit6). 
Recently, García et al.8 identified asteroids which 
could be injected into manifolds which wind onto 
periodic orbits around collinear Lagrangian points of the 
Sun-Earth system, by means of two low-cost capture 
manoeuvres. 
However, it is known that the considered periodic 
orbits as well as the associated manifolds are highly 
unstable, and small errors in the capture manoeuvre 
would bring to departure of the asteroid from the 
reference trajectory in a short time. The intrinsic risk of 
this scenario is the possibility to divert the asteroid’s 
trajectory in a way that it could impact the Earth. 
This paper therefore aims to provide a more accurate 
account of the towing manoeuvre required to place an 
asteroid on a libration point orbit near the Sun-Earth L1 
or L2 points. The paper investigates the optimal control 
of the towing spacecraft during two distinct phases: 
firstly, at Earth approach, when the asteroid is still far 
but slowly approaching the Earth following a stable 
invariant manifold trajectory; secondly, after the 
insertion into a target libration orbit, as station keeping 
is still necessary in order to keep the asteroid from 
drifting away and causing any potential concern for the 
Earth. By means of a Monte-Carlo analysis, we quantify 
the control margins necessary to ensure that the asteroid 
does not divert irreparably on a different trajectory, and 
hence becomes a risk for the Earth. In addition, a range 
of potentially useful target orbits near the libration 
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points are analysed in terms of station-keeping costs and 
safety. 
In this paper, we will quantify the uncertainties of 
the state vector of the asteroid-spacecraft system, after 
the capture manoeuvres, due to epistemic uncertainty on 
the mass of the asteroid. Given these perturbed states, a 
feedback control based on a linear quadratic regulator 
will be used to pilot a low-thrust engine to bring the 
system on the reference trajectory towards the final 
periodic orbit. A Monte Carlo approach will be used to 
generate a variety of different initial perturbed states 
and obtain some statistical results on the controllability 
of each combination of asteroid and trajectory. 
II. ASTEROID RETRIEVAL TRAJECTORIES 
II.I. Equations of motion 
For representing the trajectories in this paper, the 
equations of motion of the normalised circular restricted 
three-body problem9 (CR3BP) in a Sun-Earth synodic 
reference frame are used: 
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with: 
 
2 2 1
2 S E
x y
r r
       
where ,S Er r  are the distances to the Sun and the Earth 
respectively and 63.0032 10    for the Sun-Earth 
system. T is the thrust vector, and m is the mass of the 
spacecraft and the asteroid, which are supposed to be 
tightly connected as a single point mass (Fig. 1). 
 
 
Fig. 1. Schematic of the CR3BP and its equilibrium 
points. 
 
As is well known, when the thrust vector is zero, the 
system in Eqs. [1] has five equilibrium positions (see 
Fig. 2). The Sun-Earth L1 and L2 points are of particular 
interest for us, since they are the gate keepers for 
potential ballistic capture of asteroids in the Earth’s 
vicinity. 
 
 
Fig. 2. Schematic of the CR3BP and its equilibrium 
points. 
 
The phase space near these equilibrium regions in 
the CR3BP can be divided into four broad classes of 
motion: bound motion near the equilibrium position, 
asymptotic trajectories that approach or depart from the 
latter, transit trajectories, and non-transit trajectories 
(see Fig. 3 for this division). 
 
 
Fig. 3. Schematic representation of the four categories 
of motion near the L2 point (represented by the set 
of axes in the figure): periodic motion around L2 
(i.e., halo orbit), hyperbolic invariant manifold 
structure (i.e., set of stable hyperbolic invariant 
manifold trajectories), transit trajectory and non-
transit trajectory. 
II.II. Retrieval trajectories 
Motivated by the recent interest on asteroids, and 
most particularly on the most accessible subset of its 
population, García et al.8 carried out an exhaustive 
search for asteroids whose unperturbed trajectories laid 
close to an stable invariant manifold trajectories leading 
to one of the following distinct classes of periodic 
motion near the Sun-Earth L1 and L2 points: Planar (P), 
y x
z  
Sr  
Er  
1 
  
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Vertical (V) Lyapunov and Halo Orbits north (Hn) and 
south (Hs). 
Each of these families of libration point orbits 
(LPOs) is in fact a continuous set of periodic motion 
that can be explored by means of numerical 
continuation process with increasing Jacobi Constant 
(i.e., energy). Fig. 4 shows a discretised set of Planar 
and Vertical Lyapunov orbits that cover Jacobi 
constants ranging from 3.0007982727 to 3.0000030032. 
Ticker red line corresponds to a Jacobi constant of 
3.0004448196, which corresponds to half distance 
between the energy at equilibrium in L2 and L3. 
 
 
Fig. 4. Series of Planar and Vertical Lyapunov orbits 
associated with the Sun-Earth L1 and L2 points. 
 
From each of these LPOs, a hyperbolic invariant 
stable manifold can be generated that consist of an 
infinite number of trajectories exponentially 
approaching the periodic orbit to which they are 
associated. A subset of invariant stable manifold 
trajectories, such as the one represented in Fig. 3, can be 
propagated backwards in the CR3BP framework for an 
arbitrary time. 
In García et al.8 these trajectories were propagated to 
a planar section located at a π/8 angle with the Sun-
Earth line. This section corresponds roughly to a 
distance to Earth of the order of 0.4 AU, where the 
gravitational influence of the planet is considered small. 
Hence, from this section outwards, these trajectories 
could be well approximated in two-body motion, and 
thus described analytically by means of constant orbital 
elements. Note that the only exception the longitude of 
the perihelion, i.e., the sum of the right ascension of the 
ascending node and the argument of perihelion, which 
varies with a simple function of time due to the motion 
of the Earth on its orbit8. 
Finally, as depicted in Fig. 5, the sets of orbital 
elements associated with stable invariant manifold 
trajectories at the π/8 section form the basis for a bulleye 
orbit targeting that was solved as an heliocentric 
Lambert arc of a restricted two-body problem with two 
impulsive burns, one to depart from the NEO, the final 
one for insertion into the manifold, with the insertion 
constrained to take place before or at the ±π/8 section. 
These capture transfers can then be defined with 5 
variables: the Lambert arc transfer time, the manifold 
transfer time, the insertion date at the target periodic 
orbit, the energy of the final orbit, and a fifth parameter 
determining the point in the target orbit where the 
insertion takes place. The optimal transfer opportunities 
where then found by a global search that uses a 
stochastic search blended with an automatic solution 
space decomposition technique10. Table 1 summarises 
the best trajectories found in Ref. 10 for each type of 
target orbit for L2 and L1. 
 
 
Fig. 5. Schematic representation of a transfer to L2. 
 
Despite the fact that the work presented in Ref. 10 
also discusses the possibility that these trajectories 
could be flown, the conclusions were based solely on 
the transfer costs involved and the capability of current 
propulsion systems to provide the necessary change of 
linear momentum. This work, on the other hand, will 
deal with another critical issue with regards the 
feasibility of these trajectories;  the controllability of the 
asteroid during the towing and parking process, in 
particular to avoid any unnecessary collisional risk with 
Earth or other human asset in space. Hence, the paper 
will attempts to provide further considerations on the 
feasibility of these trajectories by focusing on the 8 
transfers described in Table 1, which cover all types of 
periodic motion considered in García et al.10 
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Date [yyyy/mm/dd] Δv [m/s]  
Asteroid name Orbit  destination Asteroid 
departure 
Manifold 
insertion 
L1 or L1/2 
arrival 
Energy of
Manifold 
Total 
Duration 
[yrs] Dep Ins Total
1. 2011 UD21 1Hn 2037/11/20 2038/07/03 2042/07/19 3.000411 4.66 149 207 356 
2. 2011 UD21 1Hs 2039/10/24 2040/06/15 2043/08/30 3.000504 3.85 210 226 436 
3. 2000 SG344 1P 2024/02/11 2025/03/11 2027/06/18 3.000357 3.35 195 248 443 
4. 2011 UD21 1V 2036/07/20 2038/11/16 2041/06/21 3.000667 4.92 226 196 422 
5. 2006 RH120 2Hn 2021/02/01 2024/03/30 2028/08/05 3.000421 7.51 58 0 58 
6. 2006 RH120 2Hs 2023/05/11 2024/02/20 2028/08/31 3.000548 5.31 52 55 107 
7. 2007 UN12 2P 2013/10/22 2016/04/28 2021/02/19 3.000069 7.33 199 0 199 
8. 2010 VQ98 2V 2035/02/14 2035/09/01 2039/11/15 3.000016 4.75 177 4 181 
Table 1. Asteroid reference trajectories. 
 
0.9
0.95
1
1.05
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
0.4
−0.02
0
0.02
 
x
y
 
z
1
2
3
4
5
6
7
8
0.97
0.98
0.99
1
1.01
1.02
1.03
−0.02
−0.01
0
0.01
0.02
−0.01
−0.005
0
0.005
0.01
 
xy
 
z
1
2
3
4
5
6
7
8
 
Fig. 6. Asteroid trajectories to periodic orbits considered. 
 
 
Fig. 6 depicts these 8 capture trajectories. Two 
distinct parts compose these trajectories: the hyperbolic 
stable invariant manifold trajectory that approaches the 
equilibrium point and the periodic motion near the 
equilibrium point.  These two parts are entirely ballistic 
trajectories, which, in the original work10, were assumed 
to be flown with negligible correction manoeuvres. The 
8 trajectories include also one complete period along 
their respective periodic orbit. It is here assumed that if 
it is possible to control the asteroid-spacecraft in the 
final part of the transfer and for one period of the 
periodic orbit, then further periods could also be 
controlled. All these trajectories will be used as 
reference in the following, for the feedback control 
algorithm. 
II.III. Uncertainty estimates for the manifold insertion 
The trajectories in the previous section were 
computed assuming ideal conditions, i.e. all variables in 
the problem were exactly known. However, there are a 
number of uncertainties affecting the problem, the most 
important of which being the asteroid mass. In this 
work, we assume that the epistemic uncertainty on the 
mass of the asteroid to haul introduces an error on the 
velocity at the manifold insertion. While it is true that 
many other sources of error should be expected, such as 
inaccuracies on the thrust direction and magnitude, it is 
believed, as will be discussed below, that the single 
major source of uncertainty will be due to inaccuracies 
on the inertial mass of the object. 
Itokawa’s mass measurements it is a good example 
of this issue11. Hayabusa spacecraft visited asteroid 
Itokawa during late 2005. An estimate of its mass was 
calculated to an accuracy of 3% by means of several 
different measurements of tracking and navigation data 
during different intervals. However, an asteroid retrieval 
mission will be expected a higher accuracy than that, 
since on addition to the remote measurements, a 
retrieval mission will be able to perform a series of 
initial pushing manoeuvres to calibrate the system once 
the asteroid has been safely attached to the spacecraft. 
These initial manoeuvres should increase considerably 
the accuracy of the mass of the system. 
In this paper, nevertheless, we assume in 1% the 
epistemic error of the mass of target asteroid, after all 
measurement phase is completed, and thus, we study if 
such a mission could recover from that error at the 
insertion of the manifold trajectory. 
Note however that we should distinguish between 
the residual epistemic uncertainty on the asteroid’s mass 
by the time the asteroid retrieval phase is carried out and 
the lack of information available today on the asteroids 
in Table 1. The former is assumed to affect the 
reliability of a mission attempting to move an asteroid 
of a roughly known mass. The latter is only an added 
difficulty when attempting to make this analysis 
64th International Astronautical Congress, Beijing, China. 
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relevant to the asteroids in Table 1. In the fictitious 
scenario of an attempt to retrieve the asteroids in Table 
1, a possible sequence of Earth remote observations, if 
opportunity arise, possible precursor missions, 
approaching phase of the retrieval spacecraft and final 
pushing manoeuvres to calibrate the system should 
reduce the uncertainty of the mass of the asteroid to 1%. 
Yet, the mass of the asteroid in Table 1 is today 
unknown, as happens with most of the asteroids, except 
for those that have been visited by a spacecraft or have a 
small companion orbiting it (i.e., binaries). Thus, it must 
be inferred from the only available information on the 
asteroid’s physical characteristics: the absolute 
magnitude H. The mass can then be estimated as12: 
  5
3
61.329 10 10 m
6
H
ast
v
m
p
       
 [2] 
where ρ is the asteroid’s density and pv the albedo. Both ρ and pv need to be assumed and average values for 
these two parameters are generally used13. Hence, due to 
plausible deviation from the average value of ρ and pv, 
Eq. [2] provides only a rough estimate of the asteroid’s 
mass that can easily be wrong by half an order of 
magnitude. Hence, as suggested in Ref. 13, this paper 
uses a mean value for   3/2vp   based on the standard 
NEA (i.e., 43,000 kg/m3) and minimum and maximum  
based on S-class asteroids (i.e., 35,000 kg/m3) and M-
class asteroids (i.e., 127,000 kg/m3) respectively. 
Therefore, for each asteroid in Table 1, three possible 
masses were considered, which take into account the 
mean, minimum and maximum possible values. 
Mass inaccuracies error propagation 
If a particular asteroid transfer is expected to require 
a given change in velocity tranv , we thus need to 
supply our system with a total change of linear 
momentum: 
  /tran ast s c tranI m m v    [3] 
Or, by assuming tranI  as a requirement to follow the 
trajectory, we can rewrite: 
 
/
tran
tran
ast s c
I
v
m m
    
By considering a small error on the asteroid mass 
astm , and taking the difference of the previous 
equation, it is possible to relate it to the error in velocity 
change: 
  2/
tran
tran ast
ast s c
Iv m
m m
     
Which, by substituting Itran as in Eq. [3] and assuming 
that ms/c is negligible when compared with the mass of 
the asteroid mast, can be rewritten as: 
 asttran tran
ast
mv v
m
    
Hence if 1% is the relative epistemic error of the mass 
of target asteroid, 1% is also the uncertainty in velocity. 
This 1%, however, is the uncertainty generated right 
after an impulsive manoeuvre. This error need to be 
propagated for the length of the transfer to account for 
the actual position and velocity uncertainty at the 
manifold insertion. 
Definition of the perturbed initial states 
In a dynamical system such as the CR3BP, the 
difference between two neighbouring trajectories with 
initial states: 
 
 
 
0
0 0
0
0 

 
s s
s s s
 
can be efficiently propagated by means of an error state 
transition matrix, such as: 
  0 0,t t s Φ s  
where the state transition matrix  0,t tΦ  is numerically 
integrated as: 
 
     
 
0 0
0 0
, ,
,
t t t t t
t t


Φ A Φ
Φ I

 
and  tA  is the matrix of partial derivatives of the 
system, or Jacobian matrix14. 
This procedure allows computing, at the time of the 
manifold insertion, the error in the states as a 
consequence of the capture trajectory. The errors in 
Table 2 were found, for each trajectory. These errors 
will be used as initial state errors for the following 
integration. 
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Table 2. Errors δs on initial state vector. 
 Position Velocity 
 km km km km/s km/s km/s 
1 258600.1 108470.5 9775.522 0.024072 0.054863 0.001739 
2 565034 202118.9 5523.523 0.043882 0.118125 0.003175 
3 98750.57 316358.6 3576.452 0.059853 0.011538 0.000654 
4 366629.4 135921 2841.328 0.028196 0.077596 0.001455 
5 52195.46 147807.4 2116.254 0.029871 0.007961 0.000661 
6 147585.2 221997.3 1204.072 0.041671 0.030086 0.000614 
7 145383.5 704180.8 3144.984 0.120402 0.02459 0.001125 
8 293976 86877.72 7883.155 0.012487 0.060326 0.001102 
 
 
As mentioned previously, the error on the mass of 
the asteroid-spacecraft system, is taken as 1% of the 
mass of the reference mass of asteroid. 
The errors in Table 2 are used to generate the 
random initial states for the feedback control algorithm 
(see Fig. 7). A random normal distribution of points is 
generated, using the ellipsoid of uncertainty is  in 
Table 2 as 3σ: 
 ,
rndNorm
1.96i r i i
s s s k   [4] 
The index i refers to each one of the states, rndNorm 
is a randomly generated number following a normal 
distribution with zero mean and unitary standard 
deviation, and finally k is a safety margin. The 1.96 
normalisation guarantees that the sample points are 
inside the ellipsoid of uncertainty, times the safety 
margin, with 97.5 % probability. 
 
 
Fig. 7. Ellipsoids of uncertainty for position and 
velocity, and randomly sampled points for 
trajectory 1. 
 
III. MONTE CARLO APPROACH 
A Monte Carlo method is used to assess the control 
of the asteroids on their respective trajectories, for a 
number of random initial conditions. 
The reference state is perturbed at the π/8 section in 
Fig. 5 (i.e. the beginning of the trajectories in Fig. 6a), 
where the controlled phase begins. This perturbation is 
modelling a different state in which the asteroid-
spacecraft system might be, after the capture 
manoeuvres, due to the uncertainty on the mass of the 
asteroid, as well as imperfections in the v  delivery 
from the thruster. 
One hundred random points are generated using Eq. 
[4] for each trajectory. In addition, for each trajectory, 
two different values of the safety margin are used: 1k   
and 10k  . 
Fig. 8 shows a brief pseudo-code of the algorithm 
used to generate the sample points and run the control 
simulation on each one of them. 
 
 
Fig. 8. Pseudo-code for the Monte Carlo simulation. 
 
Once each perturbed initial state is generated, the 
feedback control simulation is run, to assess whether it 
is possible to recover the spacecraft onto the reference 
trajectory. 
IV. CONTROL SCHEME 
Each perturbed initial state is propagated adding a 
feedback control with the aim to restore the reference 
conditions. The control loop used here is based on a 
linear quadratic regulator (LQR)15, applied in a similar 
way as in Ceriotti et al.16 
As actuator for the control loop, we assume to have 
a solar electric propulsion (SEP) thruster, whose 
characteristics are similar to the one considered by the 
NASA asteroid retrieval mission study6. In particular, 
the power available is , 40 kWSEP maxP   (here 
considered constant, not varying with the distance of the 
For trajectory = 1, …, 8 
 For mass = min, mean, max 
  For k = 1, 10 
   For point = 1…100 
    Generate random initial state 
    Run control simulation 
    Check success 
   End 
  End 
 End 
End 
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Sun) and the specific impulse is 3000 sspI  , from 
which the maximum thrust can be computed as: 
 , 02 1.9 Nmax SEP max SEP spT P I g   [5] 
where 0.7SEP   is the efficiency of the SEP system17 
and 20 9.81 m/sg   is the standard gravity acceleration. 
The actual thrust that the thruster can deliver is 
continuously adaptable between 0 and maxT  at any given 
time. It is also assumed that the thrust direction is not 
constrained, in the sense that the spacecraft (attached to 
the asteroid) has an attitude control system that is able 
to re-orient the nozzle in the direction of the required 
thrust. A control vector can therefore be defined as: 
 
T
x y zT T T   u  
subject to the non-linear constraint maxTu . 
For defining the control strategy, it is convenient to 
rewrite the equations of motion [1] as a first-order 
differential system  ,ts f s , including the mass, 
introducing the state vector 
x y zx y z v v v m   s , where v r  and the 
dynamical equation of the mass change is: 
 0spm T I g   
Let us assume, at a given instant of time t , that the 
spacecraft is at state  ts . At the same time, the 
reference state is rs  and the reference control is null, as 
the nominal trajectory is purely ballistic. The reference 
state defines the reference orbit as function of time, as 
discussed in the previous section. In an ideal condition, 
the real state coincides with the reference one. However, 
due to the instability of the trajectory and the 
uncertainty in the initial conditions, in general the real 
state may differ from the reference one, and therefore 
the state error can be defined as: r  s s s . The 
objective of the controller is to find the control u  
(defined as the feedback control) that brings the 
spacecraft states back to the reference states after some 
time. 
To compute u at each instant of time, we use here a 
linear time-invariant approximation of the dynamical 
system. Due to this approximation, the real state shall be 
in the vicinity of the reference state. Furthermore, if we 
assume that the dynamics of the reference trajectory is 
slow enough, then we can approximate the time varying 
problem as a sequence of time-invariant problems, and 
use classic linear feedback control theory for computing 
the gain matrix. The optimal control problem is solved 
at each instant of time, and the gain matrix updated, as 
described in the following. It is not to be required to 
follow the mass state within the control: hence, the 
linearisation is done in the following way: 
 6 6 6 3;
r r
 
   s s
f fA B
s u
 
The derivatives of f with respect to states (except the 
mass) A and controls B are found analytically (their 
expression is omitted here), and then evaluated 
numerically. The dynamics of the system in the vicinity 
of rs  can then be expressed as: 
   s A s Bu  [6] 
This linear, time-invariant system approximates the 
real system at a given time and in the vicinity of the 
reference states. It can be verified through the 
controllability matrix that the system in Eq. [6] is 
controllable. However, non-linearities, as well as the 
saturation of the thrust, will limit the applicability of 
this method to some maximum displacement from the 
reference. The problem is now to find the optimal 
feedback control history  tu  for any time t t  such 
that the (linear) system of Eq. [6] will settle to the 
reference state, i.e. 0 s . We introduce the following 
cost function: 
    
0
T TJ dt  u s Q s u Ru  [7] 
which aims at minimising the state error and the 
feedback control over an infinite amount of time, 
constrained to the linear system in Eq. [6]. The matrices 
Q and R are weights that quantify the relative cost of 
each state and control in the cost function. 
We now assume a control proportional to the state 
error,  u K s . Minimizing Eq. [7] under this 
assumption leads to the well-known algebraic Riccati 
equation 15, which can be solved analytically to compute 
the gain matrix 3 6K . 
The total control can then be computed, and 
saturation is applied according to the maximum thrust 
values presented in Eq. [5]. The resulting thrust is then 
fed into the integration of the full equations of motion, 
including the mass flow. At the next time step in the 
integration, the procedure is restarted to update the 
feedback control: the gain matrix is computed 
dynamically during the simulation. 
For this problem, considering the normalisation of 
the variables introduced in the CR3BP, the following 
weights were used: 
 
 
 
6 6 6 3 3 3
36 36 36
diag 10 10 10 10 10 10
diag 10 10 10
   
   
Q
R
 
The choice of these coefficients was done initially 
following Bryson's rule ( ,Q R  diagonal with iiQ  = 
maximum acceptable value of 2is , iiR  = maximum 
acceptable value of 2iu ), and then adjusted with a 
heuristic procedure. Note that the large values of R are 
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essentially a scaling factor due to the thrust being 
expressed in non-dimensional units of the CR3BP. 
IV.I. Application to asteroid control 
The control simulation runs for a time equivalent to 
the time it takes for the reference trajectory to wind onto 
the periodic orbit and complete one period on it. After 
this time, the states of the simulation are compared with 
the states of the reference trajectory: if their distance is 
small (1e-4 in position and 1e-3 in velocity), then the 
control is considered successful. Note that it was 
experienced that these tolerances are not affecting the 
results, in the sense that if the control is successful, then 
it very easily acquires the reference well below these 
tolerances; vice-versa, when the control is not sufficient, 
then the spacecraft diverges completely, causing a final 
separation from the reference that is of orders of 
magnitude greater than the tolerances. 
Fig. 9 shows two controlled trajectories, starting 
from two different random points based on the same 
reference trajectory (namely trajectory 1, mass 419,799 
kg, k = 1): on one of them the control is successful, and 
in fact it is extremely close to the reference; the other 
trajectory, instead, diverges. The spacecraft does not get 
close to the reference for the whole manifold, for then 
departing considerably once on the periodic orbit. 
For the successfully controlled solution, Fig. 10 
shows the state error, i.e. the difference between the real 
state and the reference state, in terms of position and 
velocity. The same figure also shows the mass flow 
(considering 0 the initial mass at the beginning of the 
controlled phase). This gives an estimation of the 
propellant mass required for the control of the asteroid 
during the transfer and one period around the orbit. Fig. 
11 shows the required thrust in Cartesian components 
and magnitude. The trend is typical of an LQR 
controller, with a high amount of thrust at the 
beginning, to reduce the initial state error, and then 
some residual thrust to counterbalance the instabilities 
of the system. 
In these plots, time is in the CR3BP conventional 
non-dimensional units, i.e. 1 year corresponds to 2 , 
and 0t   corresponds to the insertion into the periodic 
orbit. 
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Fig. 9. Two random initial states on trajectory 1 that 
lead to successful or unsuccessful control. 
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Fig. 10. State error with respect to reference (position, 
velocity) and mass flow. 
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Fig. 11. Control thrust. 
V. RESULTS 
The success rate for each trajectory, value of 
nominal mass and safety margin is collected and shown 
in form of histograms in the following Fig. 12, showing 
the rate of success over the hundred simulations. Each 
plot refers to a trajectory, and contains three (double) 
columns, each one referring to minimum, mean and 
maximum mass of the asteroid on that trajectory. 
Finally, within each column, each histogram bar refers 
to the two values of the safety margin. 
The first thing to note is that, because the thrust level 
is limited, the success rate is heavily affected by the 
mass of the asteroid. The acceleration that the thruster 
can provide is in fact inversely proportional to the mass 
of the system. For example, trajectory 3 is associated 
with a trajectory to retrieve asteroid 2000SG344, with a 
derived size ranging from 20 to 70 meters diameter. 
This object is by far the largest object that is considered 
for retrieval and, it is evident from Fig. 12, that the 
object would not be controllable with the assumed 
thrusting capability. 
However, trajectory 1, 2 and 4 are associated with 
the same asteroid, 2011 UD21, and hence the spacecraft 
is carrying the same mass. Yet, the success rate of 
trajectory 4 is much higher than that of 1 and 2. It is 
therefore apparent that the asteroid’s controllability does 
not solely depend on the mass of the object to be towed, 
but in many other factors, such as the type of LPO and 
energy that is targeted, the Δv of each manoeuvre, the 
lengths of the coasting arcs, etc. All this factors affect 
the controllability of these trajectories in conjunction, 
and is thus difficult to isolate their particular effects. 
This dependence to many intertwined factors is 
evident, for example, in trajectories 5 and 6, which are 
associated with the smallest asteroid of the set, and 
indeed they have the highest success rates. Both of these 
trajectories target a Halo orbit, albeit one to the southern 
family and the other to the northern one. The stability of 
both families is expected to be similar, and, as expected, 
both success rates are similar. However, it is noticeable 
that for trajectory 6 the success rate decreases when 
considering the maximum mass, which does not happen 
for trajectory 5, for which the success rate is always 
100% regardless of the mass case; it decreases only 
when considering the additional safety margin 10k  . 
In order to uncouple the effect of the asteroid’s mass 
on the response of the feedback control performance for 
a given trajectory, another set of Monte Carlo 
simulations was run: this time, the same values of mass 
were used for all the trajectories: 100,000 kg, 500,000 
kg and 1,000,000 kg. The results for this set of 
simulations are presented in Fig. 13, in the same format 
as before. 
This second simulation allows us to see that, for 
example, trajectory 3 has a 100% success rate on the 
lowest mass estimate, higher than in trajectories 1, 2, 4 
and 6. We can therefore conclude that the controllability 
of trajectory 3 itself is in fact higher than others, 
however the huge mass of the asteroid 2000SG344 
associated to this trajectory makes it unfeasible, as 
discussed previously. 
It is also noteworthy, for masses >100,000 kg, that 
trajectory 8 is more controllable than trajectory 6, 
despite the fact that trajectory 8 targets a much larger 
energy (i.e., lower Jacobi constant) LPO than trajectory 
6 does. 
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Fig. 12. Statistical results of Monte Carlo simulation of the control. Each plot refers to one trajectory, and it includes 
the success rate for three different asteroid masses and two values of the safety coefficient. 
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Fig. 13. Statistical results of Monte Carlo simulation of the control, using the same mass values for all the 
trajectories. 
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VI. CONCLUSIONS 
The control of the asteroid along its trajectory to 
the periodic orbit, and along the periodic orbit itself, 
is a serious issue. It resulted that some of the 
combinations of trajectories/asteroids simply cannot 
be controlled with the proposed propulsion 
technology. Vice-versa, the Monte Carlo simulation 
showed that some other combinations are very robust, 
and the asteroid can be controlled even in case of 
large errors in the deflecting v . Given the hazard 
that an uncontrolled NEO can pose to the Earth, this 
paper has shown that the controllability of the system 
should therefore be one of the key parameters to be 
taken into account for the choice of the candidate 
asteroids to be hauled. 
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